We characterise the Priestley spaces corresponding to affine complete bounded distributive lattices. Moreover we prove that the class of affine complete bounded distributive lattices is closed under products and free products. We show that every (not necessarily bounded) distributive lattice can be embedded in an affine complete one and that Q ∩ [0, 1] is initial in the class of affine complete lattices.
Let x ∈ L be an element distinct from 1. Then x has an upper neighbor, ie, there exists y ∈ L such that [x, y] = {x, y} which is isomorphic to the 2-element Boolean lattice. 
NOTE:
From now on, all lattices considered are assumed to be bounded and distributive, unless otherwise stated.
Priestley duality
In [5] , Priestley proved that the category D of bounded distributive lattices with (0, 1)-preserving lattice homomorphisms and the category P of compact totally order-disconnected spaces (henceforth referred to as Priestley spaces) with order-preserving continuous maps are dually equivalent. A compact totally order-disconnected space (X; τ, ) is a poset (X; ) endowed with a compact topology τ such that, for x, y ∈ X, whenever x y, then there exists a clopen decreasing set U such that x ∈ U and y ∈ U . (A decreasing set or a down-set is a subset D of a partially ordered set P such that x ≤ y in P and
is the set of all prime ideals of L and τ (L) is a suitably defined topology (the details of which will not be required here). The functor E : P → D assigns to each Priestley space X the lattice (E(X); ∪, ∩, ∅, X), where E(X) is the set of all clopen decreasing sets of X.
Priestley duality therefore provides us with a"dictionary"between the world of bounded distributive lattices and a certain category of ordered topological spaces. This is interesting in particular because free products of lattices are "translated" into products of Priestley spaces. We will use this fact for showing that the class of affine complete bounded distributive lattices is closed under free products.
Affine complete Priestley spaces
The aim of this section is to characterize the Priestley spaces corresponding to affine complete distributive (0,1)-lattices. Such spaces will be called affine complete Priestley spaces. In other words, a Priestley space X is affine complete iff E(X) is affine complete.
The following theorem provides a rather straightforward translation of the algebraic concept of affine completeness in order-topological terms. 
. Now, let c ∈ C and assume x < c. Then if c ∈ U , we are done, since U is a down-set. Assume c ∈ V \ U . Since V is a down-set, we get x ∈ V , and the fact that V \ U is an antichain tells us that x cannot be a member of V \ U . Therefore x ∈ U ⊆ C which proves that C is indeed a (clopen) down-set.
Moreover, C is the complement of C in [U, V ], i.e. C ∩ C = U and C ∪ C = V . Because C was arbitrary, we see that [U, V ] is a proper Boolean interval of E(X), whence E(X) is not affine complete.
(2) =⇒ (1). Suppose U ⊆ V are distinct clopen down-sets. By assumption, there are elements x, y ∈ V \U such that x < y. There is a clopen down-set A with x ∈ A and y / ∈ A. 
is an antichain (as a subset of the antichain U ). Thus theorem 3.1 implies that X is not affine complete.
Note that the proof works exactly the same way if each occurrence of "open" is replaced by "clopen" (basically because each Priestley space is zero-dimensional). So we can state as well:
A Priestley space X is affine complete if and only if each nonempty clopen set contains two distinct comparable points.
Products of affine complete lattices
We prove in this section that arbitrary products of affine complete lattices are affine complete. We don't need Priestley duality to do this. Priestley duals of affine com-plete lattices, i.e. affine complete Priestley spaces, will come into play when we consider coproducts of affine complete lattices. Theorem 4.1. If (L i ) i∈I is a family of (bounded distributive) affine complete lattices, then Π i∈I L i is affine complete.
Proof. We prove the contrapositive of the theorem. Suppose that Π i∈I L i is not affine complete. Then it contains a proper interval [ξ, η] that is Boolean. There exists some
Thus it is easy to see that l := λ (k) is the complement of l ∈ [x, y]. Therefore, [x, y] is a proper Boolean interval of L k and whence L k is not affine complete.
Example 4.2. Theorem 4.1 implies that [0, 1]
N is affine complete.
Free products of affine complete lattices
Now we turn our attention to free products of affine complete bounded distributive lattices; we prove they are complete. A convenient way to obtain this result is to dualise the problem into the category of Priestley spaces. Recall that free products in D are categorically speaking coproducts in D. Since Priestley duality is a pair of contravariant functors, coproducts correspond to products in P and vice versa; this is stated in the following proposition in a more general way. A is a coproduct of a family of objects (A i ) i∈I of A, then F(A) is a product of (F(A i )) i∈I .
Proposition 5.1. [3] Let A and B be categories, and assume that F : A → B and G : B → A are contravariant functors that form a dual equivalence. Then: (1) If A is a product of a family of objects
We recall that a Priestley space was shown to be affine complete if and only if each non-empty open subset contains two distinct comparable points. Theorem 5.2. If (X i ) i∈I is a family of affine complete Priestley spaces, then Π i∈I X i is affine complete.
Proof.
Suppose that X i is affine complete for every i ∈ I. It suffices to show that every nonempty subset V of Π i∈I X i of the form
contains two distinct comparable elements (where
Clearly, ξ 1 , ξ 2 are distinct comparable elements of V .
Applying the Priestley duality now yields:
The class of (bounded distributive) affine complete lattices is closed under free products.
Embedding lattices in affine complete lattices
First we will stay away from affine completeness in the worst possible way: we will embed each L into a powerset of some set, which, being Boolean, is as affine incomplete as it gets. The following fact is well-known:
distributive lattice (L need not be bounded). There is a set X and a lattice embedding j : L → P(X)
where P(X) is the powerset of the set X.
Next, we will embed that powerset in an affine complete lattice.
Lemma 6.2. Let X be a set and let Q = {q ∈ Q; 0 q 1}. Then there is a lattice embedding
Moreover, Q is affine complete.
Proof. Set j : S → χ S ∈ Q X for every S ⊆ X, where χ S is defined by χ S (x) = 1 if x ∈ S and χ S (x) = 0 if x / ∈ S.
It is easy to see that j is a lattice embedding. Next, we claim that Q is affine complete. Take any x < y in Q. Then the element a = x+y 2 ∈ [x, y] has no complement a in [x, y]: Otherwise we would have a ∧ a = x which would imply a = x, but then a ∨ a = a = y.
So [x, y] is not Boolean, whence Q has no proper Boolean interval. Therefore, Q is affine complete.
Moreover, by 4.1, Q X is affine complete which concludes the proof. Admittedly, the construction provided by 6.1 and 6.2 is highly non-unique and has no minimality properties.
